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Abstract: In this paper we give a generalization of the contact condition to (2k+1)-differential forms (k > 0)
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1. Introduction
Until now, Contact Geometry has been mainly devoted to differential forms of degree one
on odd-dimensional manifolds. Only few papers deal with forms of higher degree in the spirit
of this geometry (see however [5, 6, 7, 1]).
On a three-dimensional manifold, a contact form is a Pfaffian form ω such that ω ∧ dω
is a volume form. Thus we consider in Section 2 as a generalized contact form on orientable
4k+3-manifolds M any 2k+1-formω such thatω∧dω is a volume form. For instance a contact
form α on a 4k + 3-dimensional manifold M yields the generalized contact form α ∧ dαk . But
we want less trivial examples: Section 3 contains some of them and in Section 4 we give a
criterion to prove their non-triviality.
Now, in order to construct more striking generalized contact forms, we restrict attention, in
the spirit of [11] and [12], to the peculiarities of generalized contact forms on principal torus
bundles, which are invariant under the free group action of the torus. This leads to a rather
general existence theorem in Section 5 and Section 6. In fact the result can be extended to any
closed principal fibre bundles (Section 7), but the resulting forms are no longer invariant.
All geometric objects in this paper are supposed to be of C∞-class.
2. Preliminaries and notations
A Pfaffian form α on a 2k + 1-dimensional manifold M is a contact form if and only if it
satisfies one of these equivalent conditions:
1. α ∧ dαk is a volume form on M ;
2. for every tangent vector u, i(u)α = 0 and i(u)dα = 0 implies that u = 0.
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Condition 2 means that α is of constant maximal class. We use the following generalization:
Definition 2.1. A 2k + 1-form ω on a 4k + 3-dimensional manifold M is called a generalized
contact form if and only if ω ∧ dω is a volume form on M.
Evidently ω induces on M the orientation given by the volume form ω ∧ dω. If ω is a
generalized contact form, so is f ω where f is a non-vanishing function on M . Like a contact
form, a generalized contact form is necessarily of constant maximal class. The reciprocal is not
true. Indeed, the 3-form ω = dx1 ∧ dx2 ∧ dx3 + dy1 ∧ dy2 ∧ dy3 + dz ∧ dx1 ∧ dy1 on R7 is
of constant maximal class because its rank is maximal, but ω ∧ dω = 0.
3. Some examples
1. If α is a contact form on a 4k+3-manifold M , then ω = α∧dαk is a generalized contact
form.
2. Consider two oriented 2k + 1-manifolds N and P and two functions f , g on the circle
S1 such that f ′g− f g′ 6= 0 everywhere; if α and β are volume forms on N and P respectively,
then ξ = f α + gβ is a generalized contact form on S1 × N × P .
3. The 2k+1-form ω0 = dx1∧ · · ·∧dx2k+1+ z dy1∧ · · ·∧dy2k+1 is a generalized contact
form on R4k+3.
4. The 3-form η = cos θ7 dθ1 ∧ dθ2 ∧ dθ3 + sin θ7 dθ4 ∧ dθ5 ∧ dθ6 is a generalized contact
form on T 7.
5. The 3-form ζ = x4 dx1∧dx2∧dx3− x1 dx2∧dx3∧dx4+ x2 dx3∧dx4∧dx1− x3 dx4∧
dx1∧dx2+ y4 dy1∧dy2∧dy3− y1 dy2∧dy3∧dy4+ y2 dy3∧dy4∧dy1− y3dy4∧dy1∧dy2
induces a generalized contact form on the sphere S7.
6. In a manifold M4k+3 we can define a generalized contact circle (for contact circles see
[2]) as a pair of generalized contact forms (ω1, ω2) such that the form λ1ω1 + λ2ω2 (a point of
the circle) is still a generalized contact form for every pair of real numbers (λ1, λ2) 6= (0, 0),
and it is easy to show that the pair (ω1, ω2), where
ω1 = cos θ7 dθ1 ∧ dθ2 ∧ dθ3 + sin θ7 dθ4 ∧ dθ5 ∧ dθ6,
ω2 = − sin θ7 dθ1 ∧ dθ2 ∧ dθ3 + cos θ7 dθ4 ∧ dθ5 ∧ dθ6,
is a generalized contact circle on T 7.
4. Generalized contact forms of type a ∧ d a k
Let M be a 4k+ 3-manifold (k > 1), α a Pfaffian form on M and ω = α∧ dαk . Evidently ω
is a generalized contact form if and only if α is a contact form. In this case we say that ω arises
from a contact form.
Proposition 4.1. Let ω be a generalized contact form which arises from a contact form, then
for every tangent vector u at any point p of M , i(u)ωp = 0 implies u = 0 (the rank of ω is
maximal).
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Proof. Let α be a contact form such that ω = α∧dαk , p a point of M , u a tangent vector at p,
and suppose i(u)ωp = 0. Then
0 = i(u)ωp = αp(u) dαkp − kαp ∧ (i(u)dαp) ∧ dαk−1p . (1)
Furthemore compute
i(u)αp ∧ dα2k+1p = αp(u) dα2k+1p − (2k + 1)αp ∧ (i(u)dαp) ∧ dα2kp .
If αp(u) = 0 then these two equations imply i(u)αp ∧ dα2k+1p = 0 hence u = 0.
If αp(u) 6= 0 then from (1) we see that dαkp can be expressed in the form αp ∧ βp, hence
dα2kp = 0, contradicting α ∧ dα2k+1 6= 0. ¤
Proposition 4.1 gives us a criterion to show that a generalized contact form does not arise
from a contact form. In Examples 2, 3, 4 and 5 of Section 3, the forms ξ ,ω0, η and ζ respectively
cannot arise from contact forms because i(∂/∂θ)ξ = 0, i(∂/∂z)ω0 = 0, i(∂/∂θ7)η = 0 and
at x1 = x2 = x3 = x4 = 0 we have i(∂/∂x1)ζ = 0. In Example 6 of Section 3 the criterion
can be applied by using the vector field ∂/∂θ7 for every point of the generalized contact
circle.
An important fact in contact and symplectic geometry is the existence of a local model.
Here, the existence of a local model would imply that every generalized contact form arises
locally from a contact form, but we have shown that this is false (Examples 2, 3, 4, 5, 6 of
Section 3).
5. Invariant generalized contact forms on principal torus bundles
Several existence problems for contact forms have been solved using additional invariance
condition under which the space carries a geometrical structure which helps the search (see
[11, 12, 8, 9]). We proceed along the same lines.
Consider a principal torus bundle (M4k+3, B2k+2, T 2k+1), where the total space M4k+3, the
base space B2k+2 are connected closed manifolds and k > 1.
Let θ = ∑2k+1i=1 θ i ⊗ ei be a connection form and X1, . . . , X2k+1 the fundamental vector
fields.
An invariant 2k + 1-form ω on M4k+3 can be written as:
pi∗(β)+
2k+1∑
s=1
∑
16i1<···<is62k+1
pi∗(αi1,...is ) ∧ θ i1 ∧ · · · ∧ θ is ,
where pi is the projection, β a 2k + 1-form, αi1,...is are 2k + 1− s-forms on B2k+2.
Consider an invariant generalized contact form of special type:
ω = pi∗(β)+ pi∗(ϕ)θ1 ∧ · · · ∧ θ2k+1.
The generalized contact condition is equivalent to the following condition on B2k+2:
ϕ dβ + β ∧ dϕ 6= 0.
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The set6 = ϕ−1(0) is called a singular set becauseω(X1, . . . , X2k+1) = pi∗(ϕ) andω vanishes
on vertical vectors at every point of pi−1(6).
The generalized contact condition can be written as follows:
1. d(β/ϕ) 6= 0 on B2k+2 −6;
2. β ∧ dϕ 6= 0 on 6.
Remark 5.1. The set 6 is a closed, orientable 1-codimensional submanifold of B2k+2.
In Example 4 of Section 3 we can consider the torus T 7 as a trivial fibre bundle of fibre T 3
over T 4, and the singular set is the union of two disjoint tori T 3.
The singular set 6 verifies the following condition:
(A) We can attach to any connected component of B2k+2 − 6 a sign + or − (the sign of the
function ϕ), such that two adjacent components have opposite signs.
Remark 5.2. This condition is not satisfied, in general, for arbitrary codimension 1 submani-
folds. As conterexample, consider the submanifold B2k × γ of B2k+2 = B2k × T 2, where γ is
a meridian of T 2.
Proposition 5.1. Let (M4k+3, B2k+2, T 2k+1) be a principal torus bundle where the total space
M4k+3and the base space B2k+2 are connected, closed, orientable and a generalized contact
form ω = pi∗(β)+pi∗(ϕ)θ1∧ · · ·∧ θ2k+1on M4k+3; then ω does not arise from a contact form.
Proof. Let ω = pi∗(β)+pi∗(ϕ)θ1 ∧ · · · ∧ θ2k+1 be a generalized contact form and p such that
ϕ ◦ pi(p) = 0. Let u = (X1)p and consider i(u)ωp. Because u 6= 0 and i(u)ωp = 0, then by
Proposition 1 of Section 4, ω does not arise from a contact form. ¤
6. Existence of generalized contact forms on principal torus bundles
Let (M4k+3, B2k+2, T 2k+1) be a principal torus fibre bundle where the total space M4k+3and
the base space B2k+2 are connected, closed, orientable and k > 1.
Theorem 6.1. Consider a connection form θ = ∑2k+1i=1 θ i ⊗ ei on the bundle and let 6 be
a closed, orientable, regular 1-codimensional submanifold of B2k+2, satisfying condition A of
Section 5. Then there exist on B2k+2 a 2k + 1-form β and a function ϕ such that the invariant
2k + 1-form ω = pi∗(β) + pi∗(ϕ)θ1 ∧ · · · ∧ θ2k+1 is a generalized contact form of singular
set 6. Furthermore, the orientation induced by ω on M can be chosen beforehand.
By Proposition 5.1, such a generalized contact form can not arise from a contact form.
Proof. Let us fix an orientation of B2k+2 and then of M4k+3. Let T be a tubular neighborhood
of6, diffeomorphic to6× (−ε, ε) where ε is a positive real number, and the diffeomorphism
ψ : T → 6 × (−ε, ε) sends 6 on 6 × {0}.
Let ϕ˜0 : 6 × (−ε, ε) → R be the natural projection on (−ε, ε) and ϕ0 = ψ∗(ϕ˜0). The
function ϕ0 can be extended to a differentiable function ϕ on B2k+2 such that ϕ = ϕ0 on T and
|ϕ| > ε on B2k+2 − T . By construction 6 = ϕ−1(0) and we can suppose dϕ 6= 0 on T .
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Because T is diffeomorphic to 6 × (−ε, ε), we can choose a volume form β˜0 on 6, such
that the form ψ∗(β˜0) ∧ dϕ0 gives on T the same orientation of B2k+2.
We have seen in Section 5 that the generalized contact condition for ω is equivalent to
ϕ dβ + β ∧ dϕ 6= 0 everywhere on B2k+2 and then the pair (β0, ϕ0/s), where s is a positive
real number and β0 = ψ∗(β˜0), is a solution on T .
Consider ε′ < ε and K = ϕ−1(R − (−ε′, ε′)). We have B2k+2 = (T − K ) ∪ (K − T ) ∪
(T∩K ). The set K is evidently compact on B2k+2 and its connected components Ki are 2k+2-
dimensional compact submanifolds of B2k+2 with boundary. In an open neighborhood of every
Ki there exists a 2k + 2 form η˜i which is closed and positive with respect to the orientation of
B2k+2. Let ηi be the restriction of η˜i to Ki . Because H 2k+2(K ,R) = 0, then for every ηi there
exists a 2k + 1-form ξi such that ηi = dξi .
Let ξ be the 2k + 1-form which coincides with ξi on Ki and set β1/s = (ϕ/s)ξ , where s is
a real positive number. The pair (β1/s, ϕ/s) is a solution on K for any positive real number s,
because d(β1/ϕ) = dξ , which is positive by construction.
The solutions previously obtained can be pasted on the set T ∩K considering a differentiable
function f : R→ [0, 1] such that:
f (t) = 1 ∀t /∈ (−ε, ε),
f (t) = 0 ∀t ∈ (−ε′, ε′),
f ′(t) < 0 ∀t ∈ (−ε,−ε′), f ′(t) > 0 ∀t ∈ (ε′, ε).
Let β = ( f ◦ ϕ)β1/s + (1 − f ◦ ϕ)β0 and consider the pair (β, ϕ/s). Near 6 = ϕ−1(0)
we have β = β0 and ϕ/s = ϕ0/s and it has been shown that it is a solution. On B2k+2 −6 =
(T −6 − K ) ∪ (K − T ) ∪ (T ∩ K ) we have:
sβ
ϕ
= ( f ◦ ϕ)β1
ϕ
+ (1− f ◦ ϕ)sβ0
ϕ
and then by differentiation we get:
d
(
sβ
ϕ
)
= d( f ◦ ϕ) ∧
(
β1
ϕ
− sβ0
ϕ
)
+ ( f ◦ ϕ)d
(
β1
ϕ
)
+ (1− f ◦ ϕ)d
(
sβ0
ϕ
)
.
On (T − 6 − K ) ∪ (K − T ) the pair (β, ϕ/s) is a solution because it coincides with the
previous solutions and we check that it is a solution on T ∩ K .
To show this observe that d(sβ/ϕ) on T ∩ K is given by:
f ′(ϕ0)
ϕ0
(
sβ0 ∧ dϕ0 − β1 ∧ dϕ0
)+ ( f ◦ ϕ)d (β1
ϕ
)
+ (1− f ◦ ϕ)d
(
sβ0
ϕ
)
which is positive since
( f ◦ ϕ)d
(
β1
ϕ
)
+ (1− f ◦ ϕ)d
(
sβ0
ϕ
)
is a convex combination of d(β1/ϕ) and d(sβ0/ϕ) which are positive; moreover
f ′(ϕ0)
ϕ0
(
sβ0 ∧ dϕ0 − β1 ∧ dϕ0
) = f ′(ϕ0)
ϕ0
(
(s − c)β0 ∧ dϕ0
)
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so this term is positive for s > maxT∩K c. Then
ω = pi∗(β)+ pi∗
(ϕ
s
)
θ1 ∧ · · · ∧ θ2k+1
is a generalized contact form on M4k+3 giving the same orientation of M4k+3.
To find a negative one, we can just take the pair (β,−ϕ/s). ¤
7. Existence of generalized contact forms on principal bundles (M4k+3, B2k+2,G2k+1)
In Section 5 we saw that the generalized contact condition for a 2k + 1-form of special type
pi∗(β)+ pi∗(ϕ)θ1 ∧ · · · ∧ θ2k+1 is given by ϕ dβ + β ∧ dϕ 6= 0 in a principal torus bundle.
When the group is not the torus, the structure equation of the bundle is given by dθ i =
Äi +
∑
j<k c
i
jkθ
j ∧ θ k where the cijk are the structure constants of the group. This implies that
a form pi∗(β)+pi∗(ϕ)θ1∧ · · · ∧ θ2k+1 is not always invariant but for k > 1 the general contact
condition for such a form is still valid and the following theorem holds:
Theorem 7.1. Let (M4k+3, B2k+2,G2k+1) be a principal bundle where the total space M4k+3,
the base space B2k+2 and the group G2k+1 are connected, closed, orientable and k > 1. Consider
a connection form θ =∑2k+1i=1 θ i⊗ei on the bundle and let6 be a closed, orientable, regular 1-
codimensional submanifold of B2k+2, verifying condition A of Section 5; then there exist on B2k+2
a 2k+1-form β and a function ϕ such that the 2k+1-form ω = pi∗(β)+pi∗(ϕ)θ1∧· · ·∧θ2k+1
is a generalized contact form of singular set 6.
As in Theorem 6.1, such a generalized contact form cannot arise from a contact form. Thus
by Theorems 6.1 and 7.1 we get large families of generalized contact forms which do not arise
from a contact form.
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